Abstract
Introduction
Classifying a group of images, telling out which class they belong to, is an important problem in shape classification and image retrieval systems. Shape classification systems are generally used in applications like image databases in which the shape segmented from an image will be classified into a class that have exit in database according to a defined criterion, which judge how similar or dissimilar the sample shape to those existed in classes. Often the criterion, or called metric, is features based. Simply comparison of pixels does not work well on most systems, since the difference between images is reflected on differences of certain features. Shape is an important visual feature of an image for content-based image retrieval or recognition [1] [2] [3] . Techniques for shape feature extraction can be generally classified into two categories: boundary-based methods and region-based methods [4] . Boundary-based methods are widely used, such as [5] [6] [7] [8] [9] . They depend so much on the boundary that a slight change can cause grave retrieve errors. Compared with boundary-based ones, region-based techniques are comparatively more suitable for general applications. Zernike Moments(ZM) [10] method is one of the most desirable region-based methods. The modified ZM has been adopted by MPEG-7 as a standard region-based descriptor. The generic Fourier Descriptor [11] is another favorable method proposed in recent years. It is reported to provide outstanding retrieval performances. Leavers [12] and Chen [13] has employed Radon transform for shape analysis. However, most of the existing methods cannot achieve high recognition rate for images with complex inner shapes. This paper proposes a novel and effective geometric invariant shape representation for images with complex inner shapes.
In the next two sections, the invariant shape representation by Radon and adaptive stationary wavelet transform are introduced. In section 4, several experiments with different datasets are carried out for the proposed method, which is then compared with other existing methods. Finally, conclusions are drawn in section 5.
Translation and Scale Invariant Features
The Radon transform is a very useful tool in many application areas [12] [13] [14] , especially in medical imaging, radar imaging, etc. For image analysis, Radon Transform is generally used to calculate the projection of the image intensity along a radial line oriented at a specific angle . The 2D discrete Radon Transform of the function f(x,y) is defined as the line integral of a function over straight lines (
where f(x, y) is given by a digital image and δ is the Dirac distribution.
The computational of Radon transform is O(N logN), where N = n × n is the number of pixels. In order to extract some invariant features from the Radon space, we need to compute the energy and density of the Radon space in different angles.
For an arbitrary angle , we denote 
where E 0 is a constant determined by the size of image, and variable 0 / E E S is used to make the shape scale invariant. 
where n D is a threshold controlling the range of shape area along a particular line with angle i  ; this parameter is used to suppress noise and outliers.
The energy of Radon Transform (6) now changes to
Another distribution feature can be calculated by
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The shape density discrimination can be normalized through
The last column in Fig. 1 
Adaptive Stationary Wavelet Transform
Wavelets have been shown to be useful for texture classification in literature, possibly due to their finite duration which provides both the frequency and spatial locality [15, 16] . The hierarchical wavelet transform uses a family of wavelet functions and its associated scaling functions to decompose the original signal / image into different subbands. The decomposition process is recursively applied to the sub-bands to generate the next level of the hierarchy. If an orthonormal wavelet basis has been chosen, the coefficients computed are independent and possess a distinct feature of the original signal. Wavelets are mathematical functions that cut up data into different frequency components, and then study each component with a resolution matched to its scale. Standard discrete wavelet transform is not shift invariant. In order to restore wavelet transform shift invariance, the stationary wavelet transform (SWT) was employed [17] . Fig 2 describes the standard decomposition steps for two-dimensional SWT.
The 2-D stationary wavelet basis functions can be expressed by the product of two 1-D stationary wavelet basis functions along the horizontal and vertical directions respectively [18] . The corresponding 2-D filter coefficients have four groups: 
where j is a scale index, l is a translation index, h 0 is a lower-pass filter , g 0 is a high-pass filter with ( ) ( 1) (1 )
C is defined by the given image.
Most of the basis functions have the properties of smoothness, number of vanishing moments, symmetry, good time and frequency localization. In addition, they satisfy the admissibility condition and are absolutely square integrable functions. The discrete wavelets can be classified as nonorthogonal, biorthogonal or orthogonal wavelets. Non-orthogonal wavelets are linearly dependent and redundant frames. Orthogonal wavelets are linearly independent, complete and orthogonal. In our experiment, we employ one of the most widely used wavelets constructed by Daubechies (db10). These wavelets are othonormal, compactly supported. They have maximum number of vanishing moments for the support, and are reasonably smooth. The low-pass and band (high)-pass filter coefficients satisfy the conditions of Orthogonality, Normality and Regularity.
In order to have a more effective and concise representation, we need to select the best basis representation for the image. Similar to the approach proposed by Coifman and Wickerhauser [19] , we can adaptively select some subbands to decompose further, instead of decomposing every subbands. The basic idea is to compute the information cost M of each subband, and compare it with that of the sum of all next level subbands. If the information cost of the current subband is less than that of the sum of all next level subbands, then the current subband will not be decomposed; otherwise we decompose the current subband further and do comparison again until maximum level is reached. Hence, the best basis representation can be obtained by an efficient recursive selection process, which determines the best decomposition of the image based exclusively on the local minimization of the information cost function. Let the best basis representation for coarse resolution j (level j) be j k A .
Then the best basis 0 0
A for the image x can be computed recursively by:
For the issue of computational complexity, since we produce eight 2-D periodic images from one level to the next higher level in order to achieve row shift-invariance, we have at most 8 2 4
 2-D periodic images for decomposition up to level l, which are at most 2 l times of those from standard wavelet packet decomposition. However, this decomposition can still be performed efficiently.
Stepping from one level to the next higher level we double the number of 2-D periodic images and quarter the size of each of them. By repeating this procedure recursively to all levels, we can get the wavelet packet coefficients for all circular row shifts in log N steps with only ( log ) nn  complexity (n is the number of pixels in the image).
Geometric . Fig 4 (a) and (c) are the exact curves as in Fig. 1 (a3) and (d3), and their corresponding stationary wavelet transforms are shown in Fig 4 (b) and (d) . From this figure, the rotation invariant features can be obtained. 
This distance is used to determine the similarity between two shapes in the database. 
Experimental Results
A series of experiments are performed to evaluate the proposed RWCD method. The first group performs on a widely used benchmark provided by [20] . In this dataset there are 99 shapes in total organized into nine categories, including fish, rabbits, airplanes, grebes, wrenches, hands, humans, quadrupeds and rays (as in Fig 5) . Each category contains 11 samples. These samples are invariant, or are exposed to other influences such as occlusion, articulation and missing parts [21] .
Geometric Invariant Shape Representation Based on Radon and Adaptive Stationary Wavelet Transforms Chi-Man Pun, Moon-Chuen Lee, Cong Lin An experimental method recommended in [22] suggests that each shape is used as a model to be matched against all the others, and the results are ordered by the distances between each pair. The nearest matches by category and the corresponding recognition rates are presented in T able 1. Table 1 shows that 7th nearest match has a high value of 8 or more, especially for wrenches. Although some samples are severely disturbed, the recognition rates keep very high, which shows that our proposed RWCD features are effective and robust. The parameters used in Table 1 are respectively E0 = 2500, D n = 4 and Level K = 8. Table 1 . Recognition Rates of Nearest Matches by category nth nearest 1 2 3 4 5 6 7 8 9 10 11 % fish 11 11 11 11 11 11 11 10 10 9 9 95.04 rabbits 11 11 10 9 8 8 8 8 7 7 6 76.86 airplanes 11 11 11 11 11 11 11 9 8 8 6 89.26 grebes 11 11 11 11 11 10 9 9 9 9 8 90.08 wrenches 11 11 11 11 11 11 11 11 11 11 10 99.17 hand 11 11 11 10 9 8 8 8 6 5 4 75.21 humans 11 11 11 11 10 10 10 9 9 9 8 90.08 quadrupeds 11 11 11 10 9 8 8 8 7 7 6 79.34 rays 11 11 11 11 11 11 11 11 11 10 9 97.52
As has been introduced in Section 3, RWCD S can be calculated by different levels. Fig 6  selects four different levels, 4, 6, 8 , and 10. This figure shows that when level K increases, the recognition rates of the nine categories rise. However, it also requires more computational times. As when K increases, the number of wavelet energy signatures to be computed also rises. As a region-based analysis method, RWCD can deal with shapes with complex inner structures. We have carried out an experiment for this purpose on a database, which consists of 504 images which are selected from the MPEG-7 (CE-2) region-based database. They are organized into 24 groups, as shown in Fig 7. In each group there are 10 similar shapes including four scaled ones, and five rotated ones.
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The precision-recall diagrams are presented in Fig 8 by comparing with two classical retrieval methods, Zernike Moments [10] and Generic Fourier Descriptors [11] . Fig 8 reflects that the more detail the images is, the higher recognition rate is. In order to raise the recognition rate, the size of the original images can be increased. 
Conclusion
This paper proposes a novel and effective geometric invariant shape representation based on Radon and adaptive stationary wavelet transforms to solve the shape recognition and retrieval problem. The proposed Radon Wavelet Composite Descriptor (RWCD) is invariant to general geometrical transforms including image resize, translation and rotation changes of shapes. Experiments show that this method has a much higher performance compared to the existing methods. It is also robust to images with complex inner shapes.
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